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Tutte’s theorem on perfect matchings is considered from the viewpoint of the 
Marriage Problem. A short proof is exhibited and some consequences of the 
theorem are discussed. 
A simple graph G is said to possess a perfect matching if there is a 
subgraph of G consisting of non-adjacent edges which together cover 
all the vertices of G. Clearly I G / must then be even. Tutte’s [5] charac- 
terization of such graphs was achieved by the use of determinantal theory, 
and then Maunsell [4] succeeded in making Tutte’s proof entirely graph- 
theoretic. A different approach, using alternating chains, is presented 
by Berge in [l]. However, in view of the fact that Tutte’s result reduces 
to the well-known Marriage Problem of Philip Hall [3] in the case when G 
is bipartite, it would seem that the most natural approach to the problem 
is in the context of Hall’s theorem. Gallai [2] too has had this idea, 
and he has obtained Tutte’s result from Hall’s by means of the introduction 
of “critical” graphs. In this paper we present a short direct proof, and 
then go on to consider some Hall-type consequences of the theorem. 
For any set S of vertices of G let p(S) denote the number of components 
with an odd number of vertices in the graph G, obtained by removing 
from G all the vertices of S and all the edges which have an end in S. 
For a perfect matching to exist it is clearly necessary that, for all S, 
P(S)< ISI. (1) 
Tutte’s result is that this condition is also sufficient. 
PROOF OF TUTTE’S THEOREM 
On choosing S = #J, we see from (1) that / G 1 is even. So we proceed 
by induction on n where 1 G I = 217, making use of the obvious fact that 
PC-3 = I s I (mod 2). (2) 
The case n = 1 is trivial so we proceed to the induction step. 
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Case 1. Suppose that p(S) < S for all S, 2 < 1 S / < 2n. Then 
p(S) < / S I - 2. Choose from G any two vertices a, b connected by 
an edge, let A = {a, b) and consider G, . For any set T of vertices of GA 
we must have p’(T) < / T I where p’ is with respect to G, , not G, for if 
p’(T) > j T j, then 
i.e., 
p(TuA) =p’(T) > 1 Tl = I TuAI -2 
N-u4 2 I TWA, 
contrary to hypothesis. Thus, by induction, G, , and hence G, possesses 
a perfect matching. 
Case 2. Suppose there is a set S such that p(S) = I S 1 3 2. We can 
then choose a maximal such S. First we show that the I S I odd components 
(i.e., the components with an odd number of vertices) can be paired 
one-one with vertices of S to which they are connected in G. To do this 
we use Hall’s theorem. This pairing can be accomplished unless there 
are k odd components which are connected in G to only h < k elements 
of S. But if T denotes such a set of h vertices, we would then have 
which is impossible. Thus by Hall’s theorem we can take one vertex 
from each odd component and pair it with a vertex of S. We are then 
left with the remains of each odd component, each now with an even 
number of vertices but each now possibly in more than one connected 
piece. 
Thus consider now the remains of an odd component from which 
a vertex a has been removed. If it contains a set V of vertices such that 
p’( I’) > ) V 1, then p’(V) 3 / V I + 2, so that 
P(VuSu(a)) =P’(q+P(s)- 1 
zI~I+IsI+l 
= j VLJSU{U)l. 
This contradicts the maximality of S. Thus, by induction, the remains 
of each odd component has a perfect matching. 
It remains only to consider any even components of G, . But there are 
not any! For if there were, we could remove a vertex from one and add 
it to S. This would necessarily give us at least one more odd component, 
again contradicting the maximality of S. 
The proof of the theorem is now complete. 
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A FURTHER RESULT 
Although (1) is a necessary and sufficient condition it is not too easy 
to apply, and so it is of interest to obtain simpler conditions which are 
sufficient although not necessary. One such condition is given in [l] 
for homogeneous graphs. In view of Hall’s condition, we ask if any 
condition such as 
C, : there exists an integer r such that any k 4 2n - r vertices are 
adjacent to at least k + r vertices, 
C, : there exists a constant c > 1 such that any k d (2/c)n vertices 
are adjacent to at least ck vertices 
is sufficient. Here we say that two vertices are adjacent if they are joined 
by an edge. It is easy to see that no condition of type C, is possible. 
We need only consider a graph G with vertices aij (1 d i < r + 2, 
1 <j < 2t + 1) and b, (1 < k < r) where each aii is joined to each bl, 
and where each a,, is joined to ai j+l (ai 2t+l being joined to ail). However, 
we prove 
THEOREM. If 1 G I = 2n and if any k < in vertices are adjacent to at 
least +k vertices, then a perfect matching exists. 
Proof. We use condition (1). 
Suppose there is a set S of vertices such that p(S) > j S /: 
Case I. If I S I > in, let m denote the number of components of Gs 
containing only one vertex. Then 
i.e., 
Thus 
$(2n - 1 S I) < 2n - m, 
m <Q/S/ -$n. 
2n > I S I + m + 3(p(S) - m) 
> ISI +3lSI -$lSl +Qn, 
whence 
I S I < iP, 
a contradiction. 
Case 2. If I S I < +n, then I G, I > gn and so the vertices of G, are 
adjacent to all the vertices of G. Hence there are no components of G, 
with just one element, and so there at least ] S j + 2 odd components 
with at least 3 vertices. Consider all but one of these components. There 
are, say, h vertices in their union, where h > 3 I S 1 + 3. But they can be 
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adjacent to at most h + 1 S j < h + +(/I - 3) < Qh vertices. This contra- 
diction completes the proof. 
The value $ for the constant of condition C, is best possible. To see this, 
consider the graph with vertices U~ , bi , Ci (1 < i < r + 2) and dj 
(1 < j < r) where, for each i, ai , bi and ci are all adjacent, and where 
each dj is adjacent to each ai , bi , ci . No perfect matching is possible, 
but the 3(r + 1) vertices ai, bi, Ci (i < r + 1) are adjacent to only 
3(r + 1) + r vertices. Since (4r + 3)/(3r + 3) can be made as close to Q 
as we like, it follows that the value + is best possible. 
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